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Layup Optimization for Buckling of Laminated Composite
Shells with Restricted Layer Angles
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The layup optimization for maximizing buckling loads of long laminated composite cylindrical shells sub-
jected to combinations of axial compression, external lateral pressure, and torsion is carried out on the basis
of Flügge’s theory. The layer angles, that is, fiber orientation angles, of the laminated composite cylindrical shells
are restricted to the values of 0, 45, −−45, and 90 deg, and then nine lamination parameters are used as design
variables for the layup optimization. Explicit expressions relating the nine lamination parameters are derived and
used to describe the feasible region in the design space of lamination parameters. Thus, the layup optimization
problem becomes a constrained nonlinear optimization problem, and the optimum lamination parameters are
determined by a mathematical programming method. The laminate configurations aiming to realize the optimum
lamination parameters are obtained by analytic formulas or by an unconstrained optimization procedure. It is
observed that, for the laminated composite cylindrical shells with the layer angles restricted to the values of 0, 45,
−−45, and 90 deg, the optimum buckling loads are less than 10% lower than the optimum buckling loads obtained
for unrestricted laminate configurations.

Introduction

T HIN-WALLED cylindrical shells subjected to axial compres-
sion, lateral pressure, and/or torsion have been widely used

for applications in aerospace, naval, automotive, and civil industry.
Laminated composites are promising candidates for constructing
such structures because they offer higher specific strength and stiff-
ness over traditional materials.

The buckling loads of the laminated composite cylindrical shells
are strongly dependent on the laminate configurations and can be
maximized by tailoring layer angles, that is, fiber orientation an-
gles, as well as layer thicknesses. Nshanian and Pappas1 carried out
the layup optimization for maximizing buckling loads for various
combinations of axial compression and lateral pressure by assum-
ing approximate functions for describing the layer angle distribution
through the thickness. For buckling caused by combinations of ax-
ial compression, lateral pressure and torsion, the optimum laminate
configurations were discussed for laminated composite cylindrical
shells with four layers of equal thicknesses.2

In practical applications, layer angles are often restricted to a
small set of values such as 0, 45, −45, and 90 deg. Zimmermann3

proposed design rules to generate a database using these layer
angles for a quick optimum design for axial buckling. Also, ex-
tensive researches were made to optimize laminated composites
with these restricted layer angles and fixed layer thicknesses,
using genetic algorithms.4−6 Because the genetic algorithms are
based on stochastic search, their computational cost is expensive,
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and their efficiency is highly dependent on the correct choice of
many additional parameters for solving a particular optimization
problem.

Instead of layer angles and layer thicknesses, lamination param-
eters seem to be more reliable design variables because some layup
optimization problems become convex and there are no local op-
tima. The in-plane, the coupling, and the out-of-plane stiffnesses
can be expressed as linear functions of four in-plane, four coupling,
and four out-of-plane lamination parameters. Thus, the mechanical
behavior of the laminated composite cylindrical shells related to
certain stiffnesses can be optimized using the adequate lamination
parameters.

The first attempt for using the 12 lamination parameters in the
layup optimization of laminated composite cylindrical shells was
conducted in Ref. 7. However, the fundamental properties of lamina-
tion parameters were not discussed. Grenestedt and Gudmundson8

proved that the 12 lamination parameters are constrained to a con-
vex feasible region. Fukunaga and Vanderplaats9 maximized the
buckling loads for orthotropic and symmetric laminated composite
cylindrical shells subjected to combinations of axial compression
and lateral pressure using two in-plane and two out-of-plane lami-
nation parameters as design variables. In the study, the feasible re-
gion among these four lamination parameters was provided, though
it was proved to be too small by a variational approach.8 Using this
variational approach, the boundary of the feasible region in the de-
sign space of any set of lamination parameters was derived in an
implicit manner,10 and an optimization method, which can use any
set of lamination parameters as design variables, was proposed.11

This optimization method was used for maximizing the buckling
loads of laminated composite cylindrical shells.12 Although the op-
timization method11 gives excellent theoretical results for convex
optimization problems, it is rather laborious and unpractical because
the explicit expressions relating all 12 of the lamination parameters
are unknown.

In the present paper, the layup optimization of long laminated
composite cylindrical shells subjected to combinations of axial com-
pression, external lateral pressure, and torsion is carried out on the
basis of Flügge’s theory. In the buckling analysis of the cylindrical
shells, all 12 of the lamination parameters are introduced. The layer
angles of the laminated composite cylindrical shells are restricted to
the values of 0, 45, −45, and 90 deg. Thus, three of the lamination
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parameters vanish, and only nine lamination parameters are neces-
sary for the layup optimization. The explicit expressions describing
the feasible region for the nine lamination parameters are derived.
The buckling characteristics, that is, buckling loads and buckling
modes, are discussed in the design space of the nine lamination pa-
rameters. The layup optimization for maximizing the buckling loads
of composite laminated cylindrical shells is carried out using a math-
ematical programming method. The laminate configurations aiming
to realize the optimum lamination parameters are also examined.

Buckling Analysis for Laminated
Composite Cylindrical Shells

Consider a laminated composite cylindrical shell subjected to
combinations loads of axial compression, external lateral pressure,
and torsion. The laminated composite cylindrical shell has wall
thickness h, length L , and middle surface radius R as shown in
Fig. 1. Denoting partial differentiation by a comma, the governing
equations for buckling of laminated composite cylindrical shells
based on Flügge’s theory are expressed in terms of displacements
at the middle surface of the shell13:

H11u + H12v + H13w − N 0
x u,xx − (

N 0
φ

/
R
)
(u,φφ/R − w,x )

− 2
(

N 0
xφ

/
R
)
u,xφ = 0 (1a)

H12u + H22v + H23w − N 0
x v,xx − (

N 0
φ

/
R2

)
(w,φ + v,φφ)

− 2
(

N 0
xφ

/
R
)
(w,x + v,xφ) = 0 (1b)

H13u + H23v + H33w − N 0
x w,xx − (

N 0
φ

/
R
)
(u,x − v,φ/R + w,φφ/R)

− 2
(

N 0
xφ

/
R
)
(w,xφ − v,x ) = 0 (1c)

where u, v, and w denote the displacements at the middle surface in
the x , y, and z directions, respectively; N 0

x , N 0
φ , and N 0

xφ denote the
initial stress resultants caused by axial compression, lateral pres-
sure p = N 0

φ/R and torsion, respectively. The quantities N 0
x and N 0

φ

are positive for axial compression and external lateral pressure, re-
spectively. The differential operators Hi j (i, j = 1, 2, 3) depend on
the stiffnesses of the laminated composite cylindrical shells and are
given in the Appendix.

In Eqs. (1), the initial stress resultants can be expressed function
of one parameter as

N 0
x = qx N 0 (2a)

N 0
φ = qφ N 0 (2b)

N 0
xφ = qxφ N 0 (2c)

where qx , qφ , and qxφ are prescribed constants and N 0 is a loading
parameter.

For examining the buckling characteristics of laminated compos-
ite cylindrical shells, the critical loading parameter N should be

Fig. 1 Laminated composite cylindrical shell.

determined. A solution to Eqs. (1) is given by assuming the follow-
ing displacements at the middle surface of the cylindrical shells:

u = U sin(λx/R + nφ) (3a)

v = V sin(λx/R + nφ) (3b)

w = W cos(λx/R + nφ) (3c)

where U , V , and W are constants; λ = mπ R/L; n is the number of
waves in the circumferential direction; and m is the number of half-
waves in the axial direction if the circumferential waves do not spin
along the cylindrical shells. The displacements in Eqs. (3) cannot
satisfy any boundary condition such as simply supported or clamped
ends. However, if the cylindrical shell is very long, that is, L � R,
then the constrains at the ends will not affect greatly the magnitude of
the buckling loads. Substituting Eqs. (3) into Eqs. (1) and requiring
that the determinant of the coefficient matrix vanishes yield a cubic
equation in the loading parameter N 0. From the solutions of the
cubic equation solved for a large set of positive integers m and n, the
minimum positive loading parameter N 0 gives the critical loading
parameter N . Whitney and Sun14 suggested this reliable method for
a quick estimate of the buckling loads.

Laminates with Restricted Layer Angles
Stiffnesses and Lamination Parameters

As given in the Appendix, the differential operators Hi j (i, j =
1, 2, 3) depend on the stiffnesses Ai j , Bi j , and Di j (i, j = 1, 2, 6) of
laminates. Introducing the stiffness invariants and the lamination
parameters, the stiffnesses Ai j , Bi j , and Di j (i, j = 1, 2, 6) can be
expressed as follows15:
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The stiffness invariants Ui (i = 1, 2, 3, 4, 5) are material parameters
defined next:
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where

Q ′
11 = E2

11(
E11 − E22ν

2
12

) (6a)

Q ′
22 = E11 E22(

E11 − E22ν
2
12

) (6b)

Q ′
12 = ν12 Q ′

22, Q ′
66 = G12 (6c)

In Eqs. (6), E11, E22, G12, and ν12 are engineering constants of a
unidirectional lamina. The lamination parameters in Eqs. (4) are
defined as follows:

ξ A
[1,2,3,4] = 1

2

∫ 1

−1

[cos 2θ(z̄), cos 4θ(z̄), sin 2θ(z̄), sin 4θ(z̄)] dz̄

(7a)

ξ B
[1,2,3,4] =

∫ 1

−1

[cos 2θ(z̄), cos 4θ(z̄), sin 2θ(z̄), sin 4θ(z̄)]z̄ dz̄

(7b)

ξ D
[1,2,3,4] = 3

2

∫ 1

−1

[cos 2θ(z̄), cos 4θ(z̄), sin 2θ(z̄), sin 4θ(z̄)]z̄2 dz̄

(7c)

where ξ A
1,2,3,4, ξ B

1,2,3,4, and ξ D
1,2,3,4, respectively, represent the in-plane,

the coupling, and the out-of-plane lamination parameters, and θ(z̄)
denotes the distribution function of the layer angles through the nor-
malized thickness z̄(= 2z/h), which is called henceforth the layup
function. Note that the stiffnesses are linear functions of lamination
parameters and the critical loading parameter N can be expressed
as a function of the 12 lamination parameters when the material
properties of lamina and the dimensions of the cylindrical shells are
given.

Explicit Expressions Relating Lamination Parameters
In the present approach, the layer angles of the laminated com-

posite cylindrical shells are restricted to the values of 0, 45, −45,
and 90 deg. Thus, ξ A,B,D

4 = 0, and only nine lamination parameters,
that is, ξ A

1,2,3, ξ
B
1,2,3, and ξ D

1,2,3, are required as design variables for
the layup optimization.

For the laminated composite cylindrical shells with layer angles
restricted to the values of 0, 45, −45, and 90 deg, the explicit expres-
sions relating the in-plane and the out-of-plane lamination parame-
ters, that is, ξ X

1,2,3(X = A, D), are well known in the literature16:

2
∣∣ξ X

1

∣∣ − ξ X
2 − 1 ≤ 0, X = A, D (8a)

2
∣∣ξ X

3

∣∣ + ξ X
2 − 1 ≤ 0, X = A, D (8b)

The feasible region of ξ X
1,2,3(X = A, D) is shown in Fig. 2a. Note

that the boundary of the feasible region in the design space of
ξ X

1,2,3(X = A, D) is made by several plane surfaces.
New explicit expressions relating coupling lamination parameters

ξ B
1,2,3 can be derived as follows:

2
∣∣ξ B

1

∣∣ −
∣∣ξ B

2

∣∣ − 2 ≤ 0 (9a)

2
∣∣ξ B

3

∣∣ −
∣∣ξ B

2

∣∣ − 2 ≤ 0 (9b)
∣∣ξ B

1

∣∣ +
∣∣ξ B

3

∣∣ − 1 ≤ 0 (9c)

The explicit expressions in Eqs. (9) are derived on the basis of
a method developed in Ref. 10, as follows. For a given direction
k = {k B

1 , k B
2 , k B

3 }T in the design space of the coupling lamination
parameters ξ B

1,2,3, the boundary of the feasible region is obtained by
determining the layup function θ(z̄), which maximizes the following
functional:

F[θ(z̄)] = k B
1 ξ B

1 + k B
2 ξ B

2 + k B
3 ξ B

3 (10)

a) ξX
1,2,3 (X = A, D)

b) ξB
1,2,3

c) ξA,B,D
i (i = 1, 2, 3)

Fig. 2 Feasible regions.

As an alternative formulation, the following �(z̄) should be max-
imized for determining the layup function θ(z̄) on the boundary of
the feasible region:

� (z̄) =






�1(z̄) = 2
(
2k B

2 + k B
1

)
z̄

�2(z̄) = −�3(z̄) = 2k B
3 z̄

�4(z̄) = 2
(
2k B

2 − k B
1

)
z̄ (11)

where �1(z̄), �2(z̄), �3(z̄), and �4(z̄) corresponds to the angles
0, 45, −45, and 90 deg, respectively. Note that the �1(z̄), �2(z̄),
�3(z̄), and �4(z̄) are linear functions with respect to z̄, and they
intersect in z̄ = 0. Thus, for most directions k, there are 12 laminate
configurations on the boundary of the feasible region. These 12
laminate configurations are combinations of two layers with equal
layer thicknesses and different layer angles and in the design space
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of coupling lamination parameters ξ B
1,2,3 they are represented as

12 points. By unifying these 12 points, the feasible region is ob-
tained in the forms of Eqs. (9). The feasible region of the design
space of coupling lamination parameters ξ B

1,2,3 is shown in Fig. 2b.
Note that the boundary of the feasible region in the design space of
coupling lamination parameters ξ B

1,2,3 is also made by several plane
surfaces.

Some explicit expressions relating the lamination parameters
ξ

A,B,D
i (i = 1, 2, 3) were previously derived as follows12:

4
(
ξ D

i − 1
)(

ξ A
i − 1

) ≥ (
ξ A

i − 1
)4 + 3

(
ξ B

i

)2
, i = 1, 2, 3 (12a)

4
(
ξ D

i + 1
)(

ξ A
i + 1

) ≥ (
ξ A

i + 1
)4 + 3

(
ξ B

i

)2
, i = 1, 2, 3 (12b)

The feasible region of ξ
A,B,D

i (i = 1, 2, 3) is shown in Fig. 2c. In
this figure, the thick solid line is given by the explicit expressions
derived by Grenestedt and Gudmundson8 for the particular case of
symmetric and orthotropic laminate configurations.

New explicit expressions relating in-plane, coupling, and out-of-
plane lamination parameters can be derived as follows:

16
(
2ξ D

1 − ξ D
2 − 1

)(
2ξ A

1 − ξ A
2 − 1

) ≥ (
2ξ A

1 − ξ A
2 − 1

)4

+ 12
(
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2

)2
(13a)
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)(
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The explicit expressions in Eqs. (13–15) are derived on the
basis of the same method,10 as follows. For a given direction
k = {k A

1 , k A
2 , k A

3 , k B
1 , k B

2 , k B
3 , k D

1 , k D
2 , k D

3 }T in the design space of the
nine lamination parameters ξ A

1,2,3, ξ B
1,2,3, and ξ D

1,2,3, the boundary of
the feasible region is obtained by determining the layup function
θ(z̄), which maximizes the following functional:

F[θ(z̄)] = k A
1 ξ A

1 + k A
2 ξ A

2 + k A
3 ξ A

3 + k B
1 ξ B
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3

+ k D
1 ξ D
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2 + k D
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3 (16)

As an alternative formulation, the following �(z̄) should be maxi-
mized for determining the layup function θ(z̄) on the boundary of
the feasible region:

�(z̄) =





�1(z̄) = 3
(
2k D
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1
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1

)
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3
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1
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1
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z̄ + (
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1

)
(17)

where �1(z̄), �2(z̄), �3(z̄), and �4(z̄) correspond to the angles 0,
45, −45, and 90 deg, respectively. Note that in this case �1(z̄),
�2(z̄), �3(z̄), and �4(z̄) are parabola and that �2(z̄) = −�3(z̄).
Thus, a maximum number of seven layers describe the layup func-
tion on the boundary of the feasible region. Moreover, a maximum
number of two layers can have the same layer angle, and the layer
angles are symmetric with respect to the middle layer. For example,
in case of k = {−0.3, 0.3, 1.0, 0, −0.02, 0.02, 0.25, −0.1, −0.9}T

the laminate configuration [−45/0/90/45/90/0/−45] is obtained
as shown in Fig. 3. For this laminate configuration the lamination
parameters become

ξ A
1 = 1

2

(∫ z1

−1

0 dz̄ +
∫ z2

z1

dz̄ −
∫ z3

z2

dz̄

+
∫ z4

z3

0 dz̄ −
∫ z5

z4

dz̄ +
∫ z6

z5

dz̄ +
∫ 1

z6

0 dz̄

)

= 1

2
(−z1 + 2z2 − z3 + z4 − 2z5 + z6) (18a)

ξ A
2 = −1 − z1 + z3 − z4 + z6 (18b)

ξ A
3 = −1 + 1

2
(−z1 − z3 + z4 + z6) (18c)

ξ B
1 = −z2

1 + 2z2
2 − z2

3 + z2
4 − 2z2

5 + z2
6 (18d)

ξ B
2 = −z2

1 + z2
3 − z2

4 + z2
6 (18e)

Fig. 3 Laminate configurations on the boundary.
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ξ B
3 = 1

2

(−z2
1 − z2

3 + z2
4 + z2

6

)
(18f)

ξ D
1 = 1

2

(−z3
1 + 2z3

2 − z3
3 + z3

4 − 2z3
5 + z3

6

)
(18g)

ξ D
2 = −1 − z3

1 + z3
3 − z3

4 + z3
6 (18h)

ξ D
3 = −1 + 1

2

(−z3
1 − z3

3 + z3
4 + z3

6

)
(18i)

where zi (i = 1, . . . , 6) are the positions where the layer angles
change through the thickness of laminate. From Eqs. (18) the fol-
lowing explicit expressions relating lamination parameters on the
boundary of the feasible region are obtained:

16
(
2ξ D

3 − ξ D
2 + 1

)(
2ξ A

3 − ξ A
2 + 1

) = (
2ξ A

3 − ξ A
2 + 1

)4

+ 12
(
2ξ B

3 − ξ B
2

)2
(19a)

16
(
2ξ D

3 + ξ D
2 + 3

)(
2ξ A

3 + ξ A
2 + 3

) = (
2ξ A

3 + ξ A
2 + 3

)4

+ 12
(
2ξ B

3 + ξ B
2

)2
(19b)

4
(
ξ D

1 − ξ D
3 − 1

)(
ξ A

1 − ξ A
3 − 1

) = (
ξ A

1 − ξ A
3 − 1

)4 + 3
(
ξ B

1 − ξ B
3

)2

(19c)

For lamination parameters inside the feasible region, these expres-
sions become inequalities. There are 24 possible laminate configu-
rations of seven layers with the given restrictions, that is, maximum
two layers are allowed to have the same angle and the layer angles
are symmetric with respect to the middle layer. By writing the lam-
ination parameters for these laminate configurations, the explicit
expressions in Eqs. (12) for i = 2, (13), (14), and (15) are obtained.
Note that Eqs. (12) for i = 1, 3 are particular cases of Eqs. (13)
and (14).

For proving that these explicit expressions completely describe
the feasible region in the design space of lamination parameters, an
optimization procedure11 was employed. This optimization proce-
dure is carried out to check the feasibility of a given set of lamination
parameters ξ0. Figure 4 shows the concept of this procedure for a
feasible ξ0, that is, the feasible region is surrounded by the solid line.
In the design space of the lamination parameters, we can obtain a
hyperplane F = kT ξ normal to a given direction k and tangent to
the feasible region.10 The hyperplane F intersects ξ0 at the point
ξQ . Thus, the feasibility of ξ0 can be determined by minimizing the
norm D of ξQ taking the components of k as design variables. The
initial set of design variables is chosen such that k makes an acute
angle with ξ0, that is, kT ξ0 > 0. The norm D is defined as follows:

D =
∣∣kT ξ

/
kT ξ̄0

∣∣ (20)

Fig. 4 Optimization procedure for verifying the explicit expressions.

where

ξ̄0 = ξ0/‖ξ0‖ (21)

Thus, this optimization procedure is stated as follows.
Minimize:

D(k)

Design variables:

k = {
k A

1 , k A
2 , k A

3 , k B
1 , k B

2 , k B
3 , k D

1 , k D
2 , k D

3

}T

The output of this procedure is the optimum ξQ(= min Dξ̄0) on
the boundary of the feasible region, and the condition for a feasible
ξ0 is min D ≥ ‖ξ0‖. For all of the randomly generated lamination pa-
rameters fulfilling the explicit expressions in Eqs. (8), (9), (12–15),
this condition was not violated. Moreover, the lamination parame-
ters that lie on the boundary of the region described by the explicit
expressions also lie on the boundary of the feasible region, that is,
min D = ‖ξ0‖. This proves that the explicit expressions in Eqs. (8),
(9), and (12–15) are sufficient to describe the feasible region in
the design space of the nine lamination parameters ξ A

1,2,3, ξ B
1,2,3, and

ξ D
1,2,3 when the layer angles of the laminated composite cylindrical

shells are restricted to the values of 0, 45, −45, and 90 deg. (Note
that, in the present approach, a large region of the design space of
lamination parameters remain unused because ξ

A,B,D
4 = 0. For using

this region, that is, for having ξ
A,B,D

4 �= 0, other layer angles such
as ±22.5 and ±67.5 deg, should be also allowed in the laminate
configurations.)

Laminate Configurations for Given Lamination Parameters
This subsection treats the inverse problem of finding the laminate

configuration for a given set of feasible lamination parameters. For
the particular cases of cross-ply laminate configurations, that is, the
layer angles are restricted to θ1 = 0 and θ2 = 90 deg, and angle-ply
laminate configurations, that is, the layer angles are restricted to
θ1 = 45 and θ2 = −45 deg, only three lamination parameters, ξ A,B,D

1
and ξ

A,B,D
3 , respectively, are variable, whereas the others are fixed

as shown in Table 1. For these two cases the laminate configurations
can be easily determined by calculating the positions z j ( j = 1, 2, 3),
where the layer angles θ1 and θ2 change through the thickness, using
the formulas given in Table 2. These formulas were obtained for the
lamination parameters ξ

A,B,D
i (i = 1, 3) in the same manner12 used

to derive the explicit expressions in Eqs. (12). Table 2 gives the
formulas for symmetric and nonsymmetric laminate configurations
when the lamination parameters ξ

A,B,D
i (i = 1, 3) are on the bound-

ary or inside the feasible region given by Eqs. (12) for i = 1, 3.
For lamination parameters lying on the boundary of the feasible re-
gion, a unique laminate configuration can be determined using the
formulas given in Table 2. However, for the lamination parameters
inside the feasible region, the laminate configuration is not unique,
and two different laminate configurations can be determined us-
ing the formulas given in Table 2. Note that Eqs. (12) for i = 1, 3
are sufficient to describe the feasible region for cross-ply laminate
configurations, that is, explicit expressions relating ξ

A,B,D
1 , and for

angle-ply laminate configurations, that is, explicit expressions re-
lating ξ

A,B,D
3 . Also, only four layers are sufficient to describe the

feasible region.
For the general case of laminates with layer angles restricted to

the values of 0, 45, −45, and 90 deg, an optimization procedure is
employed in order to determine a laminate configuration aiming to

Table 1 Lamination parameters for fixed layer angles

Layer angles Lamination parameters
Laminate
type θ1 θ2 Fixed Variable

Cross ply 0 90 ξ
A,D
3,4 = ξ B

2,3,4 = 0, ξ
A,D
2 = 1 ξ

A,B,D
1

Angle ply 45 −45 ξ
A,D
1,4 = ξ B

1,2,4 = 0, ξ
A,D
2 = −1 ξ

A,B,D
3
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Table 2 Laminate configurations for lamination parameters ξA,B,D
i (i = 1, 3)

Position Laminate configuration Top of laminae z j ( j = 1, 2, 3) Notation

On boundary
[
(θ1)1 − z1

/
(θ2)z1

]
S

z1 = −a a =
(
ξ A

i − 1
)/

2[
(θ2)1 − z1

/
(θ1)z1

]
S

z1 = a a =
(
ξ A

i + 1
)/

2

Inside
[
(θ1)1 − z2

/
(θ2)z2 − z1

/
(θ1)z1

]
S

z1,2 =
[
±3a2 −

√
3a(4d − a3)

]/
6a a =

(
ξ A

i − 1
)/

2

d =
(
ξ D

i − 1
)/

2[
(θ2)1 − z2

/
(θ1)z2 − z1

/
(θ2)z1

]
S

z1,2 =
[
∓3a2 +

√
3a(4d − a3)

]/
6a a =

(
ξ A

i + 1
)/

2

d =
(
ξ D

i + 1
)/

2

On boundary
[
(θ1)z1 + 1

/
(θ2)z2 − z1

/
(θ1)1 − z2

]
z1 = (b + a2)/2a, z2 = (b − a2)/2a a = ξ A

i − 1
b = ξ B

i[
(θ2)z1 + 1

/
(θ1)z2 − z1

/
(θ2)1 − z2

]
z1 = (b − a2)/2a, z2 = (b + a2)/2a a = ξ A

i + 1
b = ξ B

i

Inside
[
(θ1)z1 + 1

/
(θ2)z2 − z1

/
(θ1)z3 − z2

/
(θ2)1 − z3

]
z1,3 =

[
2(d − a3) a = ξ A

i

±
√

4d2 + 16a3d − 2a6 − 24abd + 6a4b + 18b3 − 18a2b2
]/

b = ξ B
i + 1

6(b − a2) d = ξ D
i[

(θ2)z1 + 1

/
(θ1)z2 − z1

/
(θ2)z3 − z2

/
(θ1)1 − z3

]
z2 = (b − a2)

/
2(a − z1,3) + z1,3 a = −ξ A

i
b = 1 − ξ B

i
d = −ξ D

i

realize a set of feasible lamination parameters ξ0. The design vari-
ables are the layer thicknesses of 12-layered laminates and the layer
angles fixed and ordered as [−45/0/45/90/ · · · /−45/0/45/90].
We consider that such a laminate configuration is sufficient to cover
all possible laminate configurations corresponding to lamination
parameters on the boundary and inside the feasible region. The ob-
jective function is defined by

�ξ =
3∑

i = 1

wA
i

(
ξ A

i0 − ξ̃ A
i

)2 +
3∑

i = 1

wB
i

(
ξ B

i0 − ξ̃ B
i

)2

+
3∑

i = 1

wD
i

(
ξ D

i0 − ξ̃ D
i

)2
(22)

where ξ̃ A
1,2,3, ξ̃ B

1,2,3, and ξ̃ D
1,2,3 denote the lamination parameters calcu-

lated from the laminate configurations and wA
1,2,3, wB

1,2,3, and wD
1,2,3

denote weighting functions. Thus, the optimization problem for de-
termining the laminate configuration aiming to realize a given set
of lamination parameters is stated as follows.

Minimize:

�ξ(h)

Design variables:

h = {h1, h2, . . . , h12}T

When the condition �ξ ≤ ε is satisfied for a small value of ε,
we obtain one laminate configuration corresponding to ξ0. At least
one laminate configuration exists for a set of feasible lamination
parameters ξ0. When nonunique laminate configurations exist for
ξ0, this optimization procedure can provide several examples of
laminate configurations depending on the choice of the initial design
variables.

Note that, for certain cases when lamination parameters are at the
corners of the feasible regions in Fig. 2, the laminate configurations,
provided by the formulas given in Table 2 or by the optimization
procedure just employed, are unidirectional single layers or com-
binations of two layers with equal layer thicknesses. For all of the
other situations, the formulas given in Table 2 as well as the opti-
mization procedure just employed can give only laminate config-
urations without a physical meaning because the layer thicknesses
are not integer. However, in practice, laminate configurations with
integer layer thicknesses can be obtained by minimizing the objec-
tive function given in Eq. (22) using discrete optimization methods.

For most practical situations, the laminate configurations will be ob-
tained using discrete optimization methods and the set of lamination
parameters ξ̃ calculated from these laminate configurations will not
be identical with the set of feasible lamination parameters ξ0. In this
case, the best laminate configuration can be selected among alter-
nate possible designs by a proper choice of the weighting functions
wX

1,2,3(X = A, B, D).

Buckling Characteristics
In this section, the buckling characteristics, that is, buckling loads

and buckling modes, of long laminated composite cylindrical shells
subjected to combinations of axial compression, lateral pressure,
and torsion are discussed in the design space of lamination parame-
ters. As a numerical example, we consider laminated graphite/epoxy
cylindrical shells that are assumed perfect, free of eccentricity, and
other manufacture imperfections. The material properties of the lam-
ina are given here: E11/E22 = 20; G12/E22 = 0.6; and ν12 = 0.25.
The cylindrical shells have the length-to-radius ratio of L/R = 125
and the radius-to-thickness ratio of R/h = 20. The critical loading
parameter is normalized as follows:

N̄ = N/E22h × 103 (23)

Thus, the normalized buckling loads of the laminated composite
cylindrical shells subjected to axial compression, lateral pressure,
and torsion are

N̄x = qx N̄ (24a)

N̄φ = qφ N̄ (24b)

N̄xφ = qxφ N̄ (24c)

Figures 5–7 show the buckling characteristics of long laminated
composite cylindrical shells for axial compression, lateral pressure,
and torsion, respectively. In each figure the contours of the normal-
ized loading parameter N̄ are plotted on ξ A

i , ξ D
i (i = 1, 2, 3) planes:

a) ξ A
1 , ξ D

1 plane for ξ
A,D

3,4 = ξ B
1,2,3,4 = 0, ξ

A,D
2 = 1; b) ξ A

2 , ξ D
2 plane

for ξ
A,D

1,3,4 = ξ B
1,2,3,4 = 0; and c) ξ A

3 , ξ D
3 plane for ξ

A,D
1,4 = ξ B

1,2,3,4 = 0,

ξ
A,D

2 = −1. The contours are shown inside the feasible region
depicted by a solid line. Cases a and c correspond to symmetric
cross-ply laminate configurations and symmetric angle-ply lami-
nate configurations, respectively. Case b corresponds to symmetric
laminate configurations with infinitesimal layer thicknesses and bal-
anced layer angles of 0, 45, −45, and 90 deg. Although cases a and
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a) ξA
1 , ξ

D
1 plane for ξ

A,D
3,4 = ξB

1,2,3,4 = 0, ξA,D
2 = 1

b) ξA
2 , ξ

D
2 plane for ξ

A,D
1,3,4 = ξB

1,2,3,4 = 0

c) ξA
3 , ξ

D
3 plane for ξ

A,D
1,4 = ξB

1,2,3,4 = 0, ξA,D
2 = −1

Fig. 5 Contours of N̄ for axial compression, that is, qx = 1, qφ = qxφ = 0.

c correspond to practical situations, case b has no practical mean-
ing. Case b is used to make the connection between the cross-ply
laminate configurations and the angle-ply laminate configurations.

Figure 5 shows the contours of N̄ for the case of axial com-
pression, that is, qx = 1, qφ = qxφ = 0. Euler buckling mode, that
is, m = n = 1, occurs when the cylindrical shells buckle. The con-
tours of N̄ are almost vertical lines, which means that the in-plane
lamination parameters ξ A

1,2,3 have the main influence for Euler buck-
ling under axial compression. Moreover, the maximum N̄ can be
observed in Fig. 5a for ξ A

1 = ξ D
1 = 1, that is, single-layer laminate

configuration [0].
Figure 6 shows the contours of N̄ for the case of lateral pressure,

that is, qφ = 1, qx = qxφ = 0. For this case local buckling mode, that
is, m �= 1 and n �= 1, occurs when the cylindrical shells buckle. In this
case the contours of N̄ are horizontal lines, which means that the
out-of-plane lamination parameters ξ D

1,2,3 have the main influence
for buckling under lateral pressure, and the maximum N̄ can be

a) ξA
1 , ξ

D
1 plane for ξ

A,D
3,4 = ξB

1,2,3,4 = 0, ξA,D
2 = 1

b) ξA
2 , ξ

D
2 plane for ξ

A,D
1,3,4 = ξB

1,2,3,4 = 0

c) ξA
3 , ξ

D
3 plane for ξ

A,D
1,4 = ξB

1,2,3,4 = 0, ξA,D
2 = −1

Fig. 6 Contours of N̄ for lateral pressure, that is, qφ = 1, qx = qxφ = 0.

observed in Fig. 6a for ξ A
1 = ξ D

1 = −1, that is, single-layer laminate
configuration [90].

Figure 7 shows the contours of N̄ for the case of torsion, that is,
qxφ = 1, qx = qφ = 0. For this case, both Euler and local buckling
modes occur when the cylindrical shells buckle. However, Euler
buckling mode can be observed only in the left down corner of
ξ A

1 , ξ D
1 plane in Fig. 7a as shown by the contours of N̄ represented

as vertical lines. All of the other regions of the lamination parameters
planes are covered by local buckling modes depicted by the curved
contours of N̄ . The maximum N̄ can be observed in Fig. 7a at
the lower boundary of the feasible region, which corresponds to a
[90/0]S laminate configuration.

Figure 8 shows the contours of N̄ for combined loads, that is,
qx = 0.1, qφ = 0.05, and qxφ = 1 in the design space of lamination
parameters for cross-ply laminate configurations. In Fig. 8 both
Euler and local buckling modes occur. However, Euler buckling
mode can be observed only on ξ A

1 , ξ D
1 and ξ A

1 , ξ B
1 planes in Figs. 8a
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a) ξA
1 , ξ

D
1 plane for ξ

A,D
3,4 = ξB

1,2,3,4 = 0, ξA,D
2 = 1

b) ξA
2 , ξ

D
2 plane for ξ

A,D
1,3,4 = ξB

1,2,3,4 = 0

c) ξA
3 , ξ

D
3 plane for ξ

A,D
1,4 = ξB

1,2,3,4 = 0, ξA,D
2 = −1

Fig. 7 Contours of N̄ for torsion, that is, qxφ = 1, qx = qφ = 0.

and 8b as shown by the contours of N̄ represented as vertical lines.
Note that in Figs. 8b and 8c the contours of N̄ in ξ A

1 , ξ B
1 plane and

ξ B
1 , ξ D

1 plane are almost symmetric with respect to ξ A
1 and ξ D

1 axes,
respectively. Moreover, from Figs. 8a and 8c it can be observed
that the maximum N̄ lies on the lower boundary of the feasible re-
gion at ξ B

1 
 0, which corresponds to an almost symmetric laminate
configuration [90/0/90].

Layup Optimization
To find the laminate configurations that maximize the buckling

loads of the long laminated cylindrical shells, the nine lamination
parameters ξ A

1,2,3, ξ B
1,2,3, and ξ D

1,2,3 are used as design variables, and
ξ

A,B,D
4 = 0 are imposed. The layup optimization problem is stated

as follows.
Maximize:

N̄ (ξ)

a) ξA
1 , ξ

D
1 plane for ξB

1 = 0

b) ξA
1 , ξ

B
1 plane for ξD

1 = 0

c) ξB
1 , ξ

D
1 plane for ξA

1 = 0

Fig. 8 Contours of N̄ for combined loads, that is, qx = 0.1, qφ = 0.05,
qxφ = 1, for cross-ply laminate configurations.

Design variables:

ξ= {
ξ A

1 , ξ A
2 , ξ A

3 , ξ B
1 , ξ B

2 , ξ B
3 , ξ D

1 , ξ D
2 , ξ D

3

}T

Subject to:

Eqs. (8), (9), (12), (13), (14), and (15)

For this constrained nonlinear optimization problem the feasi-
ble direction method combined with the golden section method is
adopted. The optimization is carried out using the Automated De-
sign Synthesis program17 for three cases in the design space of the
nine lamination parameters:

1) All nine of the lamination parameters, that is, ξ A
1,2,3, ξ B

1,2,3, and
ξ D

1,2,3, are used for optimization.
2) Three lamination parameters, that is, ξ

A,B,D
1 , are used for

optimization while ξ
A,D

3 = ξ B
2,3 = 0, ξ

A,D
2 = 1 are imposed.

3) Three lamination parameters, that is, ξ
A,B,D

3 , are used for op-
timization while ξ

A,D
1 = ξ B

1,2 = 0, ξ
A,D

2 = −1 are imposed.
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Thus, in case 1 the layer angles of the laminated composite cylin-
drical shells are restricted to the values of 0, 45, −45, and 90 deg,
and in cases 2 and 3 cross-ply laminate configurations and angle-ply
laminate configurations are considered, respectively.

Figure 9 shows the comparisons of the highest normalized buck-
ling loads N̄x , N̄φ , and N̄xφ for the three cases. The results are shown
for loading ratios as combinations of axial compression and lateral
pressure, axial compression and torsion, and lateral pressure and
torsion corresponding to Figs. 9a–9c, respectively. For all of the
loading ratios, case 3 shows the worst buckling loads. In Fig. 9a it
can be observed that the best laminate configurations for the cylin-
drical shells subjected to combinations of axial compression and
lateral pressure are cross-ply laminate configurations. The small dif-
ference between cases 1 and 2 is given by numerical inaccuracies.
More accurate results are obtained using three design variables than
using nine design variables. For combinations of axial compression
and torsion, Fig. 9b shows that maximum N̄x is almost the same for
cases 1 and 2. However, for loading ratios qx/qxφ ∈ [0, 0.15), case 1
gives better results. In Fig. 9b the maximum buckling loads obtained

a) Axial compression and lateral pressure, that is, qx/qφ ∈ [0,∞), qxφ = 0

b) Axial compression and torsion, that is, qx/qxφ ∈ [0,∞), qφ = 0

c) Lateral pressure and torsion, that is, qφ/qxφ ∈ [0,∞), qx = 0

Fig. 9 Optimum buckling loads for combinations of axial compression,
lateral pressure, and torsion.

Fig. 10 Optimum N̄xφ in case of torsion, that is, qxφ = 1, qx = qφ = 0.

in Ref. 12 for unrestricted laminate configurations are also shown
by the dotted line. It can be seen that the difference between the
buckling loads for case 1 and the buckling loads obtained in Ref. 12
increases when the torsional load increases. For combinations of
lateral pressure and torsion, Fig. 9c shows that maximum N̄φ is al-
most the same for cases 1 and 2. For loading ratios qφ/qxφ ∈ [0, 1),
case 1 gives better results.

Figure 10 shows the maximum N̄xφ for laminated composites
cylindrical shells subjected to torsion. By comparing the optimum
buckling loads obtained in Ref. 12 with the optimum buckling loads
obtained for cases 1, 2, and 3, we can observe differences of 7.4, 16,
and 52.4%, respectively. Hence, it is inconsistent to restrict the layer
angles of the laminated composite cylindrical shells only to cross-
ply laminate configurations or to angle-ply laminate configurations.
A difference of less than 10% for laminate configurations with layer
angles restricted to the values of 0, 45, −45, and 90 deg might be
acceptable for practical use.

Optimum lamination parameters for maximizing the buckling
loads for loading ratios were obtained on the boundary of the fea-
sible region and are given in Table 3. Note that in the case of
combination of axial compression and lateral pressure the opti-
mum lamination parameters shows orthotropic characteristics, that
is, ξ

A,B,D
3 = 0. Moreover, these lamination parameters correspond

to almost symmetric laminate configurations because ξ B
1 = 0.02 and

ξ B
2,3 = 0. However, when the axial compression and the lateral pres-

sure are combined with torsion, the optimum lamination parameters
shows both nonorthotropic and nonsymmetric characteristics for the
laminate configurations.

The laminate configurations aiming to realize the optimum lam-
ination parameters are given in Table 4. For the cases of pure axial
compression and pure lateral pressure, we obtained unidirectional
laminates oriented at 0 and 90 deg, respectively. For all of the other
cases we obtained laminate configurations with no physical mean-
ing because the layer thicknesses are not integers. The cross-ply
laminate configuration corresponding to the combination of axial
compression and lateral pressure is calculated using the formulas
given in Table 2. For the cases where the axial compression and
the lateral pressure are combined with torsion, the laminate con-
figurations are obtained with the proposed optimization procedure.
For this optimization procedure, the Broyden–Fletcher–Goldfarb–
Shanno (BFGS) method combined with golden section method was
adopted in ADS program and a value ε = 10−4 was used. This opti-
mization procedure provides laminate configurations with no phys-
ical meaning, that is, the set of lamination parameters ξ̃ calculated
from these laminate configurations will match the optimum set of
lamination parameters independent of the weighting functions wX

1,2,3
(X = A, B, D). Thus, the weighting functions are set to be equal
with one, that is, wX

1,2,3 = 1(X = A, B, D). [In practice, when dis-
crete optimization methods are employed for determining laminate
configurations with integer layer thicknesses, the most near optimal
laminate configuration is not necessary the best because the objec-
tive function of the layup optimizaton problem, that is, the critical
loading parameter N̄ , has different sensitivities with respect to dif-
ferent lamination parameters. For selecting the best near-optimal
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Table 3 Optimum lamination parameters for maximizing buckling loads

Loading ratio Lamination parameter
Loading

qx qφ qxφ ξ A
1 ξ A

2 ξ A
3 ξ B

1 ξ B
2 ξ B

3 ξ D
1 ξ D

2 ξ D
3 parameter N̄

1.00 0.00 0.00 1.00 1.00 0.00 0.00 0.00 0.00 1.00 1.00 0.00 6.189
0.00 1.00 0.00 −1.00 1.00 0.00 0.00 0.00 0.00 −1.00 1.00 0.00 12.540
0.00 0.00 1.00 −0.10 0.71 −0.14 0.02 −0.25 −0.13 −0.79 0.82 −0.09 39.083
1.00 0.50 0.00 0.81 1.00 0.00 0.02 0.00 0.00 0.47 1.00 0.00 8.407
0.10 0.00 1.00 0.36 0.80 −0.07 0.02 −0.19 −0.13 −0.34 0.74 −0.09 33.997
0.00 0.05 1.00 −0.19 0.76 −0.12 0.01 −0.19 −0.09 −0.85 0.88 −0.06 34.789
0.10 0.05 1.00 0.06 0.80 −0.06 0.03 −0.14 −0.11 −0.69 0.83 −0.06 33.504

Table 4 Laminate configurations for optimum
lamination parameters

Loading ratio

qx qφ qxφ Laminate configuration

1.00 0.00 0.00 [01.00]
0.00 1.00 0.00 [901.00]
0.00 0.00 1.00 [900.274/00.377/−450.143/900.206]
1.00 0.50 0.00 [900.052/00.903/900.045]
0.10 0.00 1.00 [900.154/450.015/00.611/−450.087/00.017/900.116]
0.00 0.05 1.00 [900.297/00.346/−450.117/900.240]
0.10 0.05 1.00 [900.232/450.018/00.478/−450.083/900.189]

laminate configuration from alternate possible designs, it might be
appropriate to use the sensitivities of the objective function with re-
spect to the optimum lamination parameters as weighting functions
in Eq. (22), that is, wX

1,2,3 = ∂ N̄/∂ξ X
1,2,3(X = A, B, D).] All of the

laminate configurations correspond to optimum lamination param-
eters on the boundary of the feasible region since for every loading
ratio the number of layers is less than seven.

Conclusions
The buckling loads of long laminated composite cylindrical shells

with layer angles restricted to the values of 0, 45, −45, and 90
deg subjected to combinations of axial compression, external lat-
eral pressure, and torsion were maximized using nine lamination
parameters as design variables. The complete set of explicit expres-
sions relating the nine lamination parameters was derived. Thus,
using this set of explicit expressions, the layup optimization was
carried out in a simple and efficient manner based on a mathe-
matical programming method. The laminate configurations aiming
to realize the optimum lamination parameters were also examined.
For combinations of axial compression and lateral pressure, the opti-
mum cross-ply laminate configurations can be calculated by analytic
formulas. For the cases where the axial compression and the lateral
pressure are combined with torsion, the optimum lamination param-
eters show nonorthotropic characteristics, and the optimum laminate
configurations can be obtained using a mathematical programming
method. A difference of less than 10% was obtained between the op-
timum for unrestricted laminate configurations compared with the
optimum for laminate configurations with layer angles restricted to
the values of 0, 45, −45, and 90 deg.

The set of explicit expressions describing the feasible region of
the nine lamination parameters extends the use of lamination pa-
rameters to a large class of layup optimization problems involv-
ing mechanical couplings and/or combinations of in-plane and out-
of-plane stiffnesses. Also, this set of explicit expressions makes
the use of lamination parameters suitable and efficient for prac-
tical layup design in industry because the layer angles are re-
stricted to the typical values of 0, 45, −45, and 90 deg used by
manufacturers.

Appendix: Definition of Differential Operators Hij

Denoting partial differentiation by a comma, the differential op-
erators Hi j (i, j = 1, 2, 3) are defined as follows:

H11 = (A11 + B11)( ),xx + 2(A16/R)( ),xφ

+ (1/R2)
[

A66 − B66/R + D66

/
R2

]
( ),φφ (A1)

H12 = [
A16 + 2(B16/R) + D16

/
R2

]
( ),xx + (1/R)[A12 + A66

+ (B12 + B66)/R]( ),xφ + (
A26

/
R2

)
( ),φφ (A2)

H13 = −(B11 + D11/R)( ),xxx − (1/R)(3B16 + D16/R)( ),xxφ

− (1/R2)(B12 + 2B66 − D66/R)( ),xφφ

− (1/R3)(B26 − D26/R)( ),φφφ + (A12/R)( ),x

+ (1/R2)
(

A26 − B26/R + D26

/
R2

)
( ),φ (A3)

H22 = [
A66 + 3(B66/R) + 3

(
D66

/
R2

)]
( ),xx

+ (2/R)
[

A26 + 2(B26/R) + D26

/
R2

]
( ),xφ

+ (1/R)(A22 + B22/R)( ),φφ (A4)

H23 = −[B16 + 2(D16/R)]( ),xxx

− (1/R)[B12 + 2B66 + (D12 + 3D66)/R]( ),xxφ

− (1/R2)[3B26 + 2(D26/R)]( ),xφφ − (
B22

/
R3

)
( ),φφφ

+ (1/R)(A26 + B26/R)( ),x + (
A22

/
R2

)
( ),φ (A5)

H33 = D11( ),xxxx + 4(D16/R)( ),xxxφ

+ (2/R2)(D12 + 2D66)( ),xxφφ + 4
(

D26

/
R3

)
( ),xφφφ

+ (
D22

/
R4

)
( ),φφφφ + 2(B12/R)( ),xx

+ (2/R2)(2B26 − D26/R)( ),xφ

+ (2/R3)(B22 − D22/R)( ),φφ

+ (1/R)
(

A22 − B22/R + D22

/
R2

)
(A6)

where the terms Ai j , Bi j , and Di j (i, j = 1, 2, 6) are the in-plane, the
coupling, and the out-of-plane stiffnesses, respectively.
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